Assuming oscillations of solar and LSND neutrinos to explain the corresponding data, we explore how much of the observed atmospheric neutrino anomaly can be accommodated by the hypothesis of only three light neutrino flavors. Standard Model interactions, considered exclusively, are found to allow a universal survival probability, equal to the ratio of ratios R, down to a best-fit value of about 0.58 for both the sub-GeV and the multi-GeV data, but no variation of this ratio with the zenith angle. Mild variations of the latter kind may be admitted by postulating large anomalous diagonal ν τ -quark interactions, but R can never be less than 0.5. *
Three flavors of massless lefthanded weakly interacting neutrinos occur in the Standard Model. Experimental studies at the Large Electron Positron (LEP) collider have definitively established the number of light weak neutrino flavors to be three. However, the masslessness of any neutrino is not predicted on fundamental grounds. Beyond the Standard Model, theoretical arguments exist showing how neutrinos could acquire tiny Majorana [1] or Dirac [2] masses. On the experimental front, there is indirect evidence of small nonvanishing neutrino masses from three different kinds of phenomena pertaining to neutrino oscillations.
(1) The observed depletion [3] of the solar neutrino flux from the prediction of the standard solar model in different segments of the solar neutrino energy spectrum, (2) the claimed discovery [4] ofν µ ↔ν e and ν µ ↔ ν e oscillations by the Liquid Scintillator Neutrino Detector (LSND) experiment and (3) the deficit [5] in the atmospheric neutrino flux, measured on the ground in terms of the ratio of ratios R ≡ (ν µ +ν µ ) : (ν e +ν e ) expt. /(ν µ +ν µ ) : (ν e +ν e ) M C , MC standing for the Monte-Carlo expectation -all point to nonzero neutrino masses. The canonical best fits to the data from the above three different experimental studies cannot be easily accommodated [6] within the hypothesis of only three light neutrino flavors. This has led to the speculation of the existence [6] of a fourth sterile (i.e. electroweak singlet) light neutrino as a possible way out. It is nonetheless worthwhile, before launching such a major new hypothesis, to examine [7] whether a slightly weaker but acceptable fit to the above data could be compatible with the proposition that there are only three light neutrino flavors. This is the aim of the present work.
It seems to us that the results of the solar neutrino and the LSND experiments are quite unambiguous, assuming the absence of unknown sources of systematic error. In contrast, the detailed conclusions from the atmospheric neutrino experiment seem to depend sensitively on the intricacies of the Monte-Carlo simulations [5] used. It may, therefore, be more profitable to consider three-flavor scenarios which naturally explain the solar neutrino and the LSND data and then to explore the observed atmospheric neutrino anomaly within those. That leads us to two optimized scenarios, dubbed A and B. In either case we make the starting choice (with δm is taken to be ∼ 6 × 10 −6 eV 2 for scenario A and ∼ 10 −4 eV 2 for scenario B. More specifically, our chosen neutrino masses are m 1 ∼ 0, (m 2A , m 2B ) ∼ (2.5 × 10 −3 eV, 10 −2 eV) and m 3 ∼ 0.5 eV. In A we take the interactions to be exclusively those of the Standard Model. This possibility was already suggested in the literature [8] . In contrast, for B we allow ν τ to have any large nonstandard diagonal four-fermion (effectively contact) interaction with quarks. The latter is motivated by two facts: (1) the reported observation [9] of anomalous quark-lepton interactions at HERA; (2) among the three known neutrinos, ν µ,e are strongly forbidden by experimental constraints to have such large interactions while there exist essentially no restrictions on ν τ .
While scenario A satisfactorily explains the LSND, solar neutrino and the sub-GeV atmospheric neutrino data, its agreement with the multi-GeV atmospheric neutrino data is not impressive; in particular, it disallows any measurable zenith-angle dependence of the survival probability, which equals R, in the latter data. The fragmentary nature of the presently claimed evidence for such a dependence needs, of course, to be kept in mind. Scenario B, incorporating an anomalous ν τ -quark diagonal contact interaction contributing through media effects, is a new proposal which allows the survival probability R to vary with the zenith angle in atmospheric neutrino oscillations despite a large δm 2 . However, since the media-induced term has opposite signs for the neutrino and antineutrino cases, such a variation can only be present to a rather limited extent. The extra ν τ interactions inside the sun are offset by an inverted neutrino mass hierarchy with a δm 2 much larger than it would be for the canonical matter-enhanced effect, as explained below.
Let the 3 × 3 unitary matrix transforming the neutrino flavor eigenstates into mass eigenstates be V . Thus, if ν α (α = 1, 2, 3) represents a physical mass eigenstate with the hierarchy m 1 < m 2 < m 3 and ν j (j being the lepton type) stands for a flavor eigenstate with some ordered hierarchy which can be different in different scenarios, then ν α = V αj ν j . V can be thought of (ignoring CP-violation) as a product of three 2 × 2 flavor rotations in the 2 − 1, 2 − 3 and 1 − 3 subspaces characterized by three angles. The sequence in which these rotations are used to construct V will depend on the initial choice of flavor ordering which is different in the two scenarios. A large neutrino mixing in the atmospheric case [5] and relatively small ones pertaining to the solar [3] and LSND [4] effects, as suggested by the data, will impose constraints on the aforesaid angles. We shall use the notation θ, θ 0 , θ ′ for these angles and abbreviate as follows:
We now turn to the details of the two scenarios and their implications for the different sets of experimental data pointing to neutrino oscillations.
Scenario A
Here the flavor ordering is chosen in the conventional way so that we have
with
and a mixing angle hierarchy |θ| ≪ |θ ′ | ≪ |θ 0 |. The mass eigenstates are given by
LSND ν µ ↔ν e oscillations, as probed in this experiment, are controlled by δm 2 31 ∼ 0.25 eV 2 . Any significantly higher value chosen for δm 2 31 will be in contradiction with restrictions imposed by the search for ν µ disappearance in the CDHS experiment [10] for large angles (which will be needed later in explaining the atmospheric neutrino effect). On the other hand, for such a value of δm 2 , the LSND data [4] imply a mixing angle χ with sin 2χ ≃ 0.19. These numbers are just about compatible with the constraints of the Bugey experiment [11] . Comparing with (3c), we see that twice the product of the coefficients of |ν e and |ν µ in |ν 3 is constrained to nearly equal the value of sin 2χ. The former is 2(s 0 c ′ + c 0 s ′ s)s ′ c, but -given the mixing angle hierarchy chosen above -we can neglect the term proportional to s ′2 s. Thus we have the constraint
Solar neutrino data
The operative mass squared difference here is δm 2 21 ∼ 6.3 × 10 −6 eV 2 which is the central value [3] of this parameter needed for MSW [12] resonant depletion of the ν e -flux in terms of oscillations (inside the sun) of ν e into another neutrino species. The effective mixing angle φ is then required [3] to obey the constraint sin 2φ ∼ 0.08. A comparison with (3a) and (3b) reveals that the oscillation is predominantly between |ν e and the flavor combination c 0 |ν µ − s 0 |ν τ with θ being the mixing angle φ. The constraint, mentioned above, translates to θ in the form
Atmospheric neutrino effect
The depletion in the flux of muon neutrinos and antineutrinos, produced in the earth's atmosphere, is caused by ν µ ↔ ν τ flavor oscillations which occur between the physical states |ν 2 and |ν 3 with δm 2 32 ∼ 0.25 eV 2 . From (3b) and (3c) the relevant mixing angle is evidently θ 0 which can be quite sizable in this scenario. The oscillation wavelength "in vacuo" is λ ∼ 4πE ν (δm 2 32 ) −1 ∼ 10(E ν /GeV) km, E ν being the neutrino energy. Hence, for E ν < 10 GeV (i.e. for events containing both sub-GeV and multi-GeV neutrinos as well as antineutrinos), several oscillations occur in the earth's atmosphere. Consequently, one obtains the classical survival probability R = c 
yields R ≃ 0.58 for the ratio of ratios in optimal agreement with the data for downward going neutrinos and antineutrinos. On account of (4) and (5), the choice (6) fixes s ′ :
However, the prediction of this scenario is that the survival probability is independent of the direction in which the neutrino or antineutrino is traveling, i.e. there is no dependence on the zenith angle for ν,ν with energies < 10 GeV. This is certainly in very good agreement with the sub-GeV data, but the multi-GeV data do show a possible zenith-angle dependence. For neutrinos with energies much in excess of 10 GeV, a nonnegligible amount of phase information will enter the expression for R -leading to a dependence on the distance traversed in matter. Since neutrinos and antineutrinos -reaching the detector from different directions -traverse different distances, a zenith-angle dependence could arise in principle. Unfortunately, the predicted flux of atmospheric ν's andν's, with energies greater than 10 GeV, is such a small fraction of the total that this effect would not be observable. Thus the statement that the measured ratio of ratios is independent of the zenith angle stands for Scenario A.
Scenario B
In this case we choose a nonconventional flavor ordering and define the transformation accordingly. Thus
The mixing angle hierarchy chosen in this scenario is |θ 0 | ≪ |θ ′ | ≪ |θ|. For the mass eigenstates we have
LSND
Much of the discussion here parallels that in Scenario A, the magnitudes of the operative δm 2 and χ being the same, except that the controlling mass-squared difference is now δm 2 32 ∼ 0.25 eV 2 . Once again, twice the product of the coefficients of |ν e and |ν µ in |ν 3 is constrained to equal the value 0.19 of sin 2χ. This time, however, the former is 2(c ′ c − s ′ s 0 s)s ′ c 0 and, dropping the negligible term proportional to s ′2 s 0 , we have
Solar neutrino data
The relevant mass-squared difference, viz. δm 2 21 , now equals 10 −4 eV 2 . This value is too large for either the standard MSW [12] or the "just-so" [13] vacuum oscillations to cause the required depletion of solar neutrinos inside the sun. However, it is still allowed if there is some additional nonstandard physics. Specifically as mentioned earlier, we propose here new extra diagonal ν τ -quark interactions. Recent experiments at HERA [9] may have seen anomalous e + -quark interactions and we speculate that such interactions may exist between neutrinos and quarks, especially in the ν τ -sector.
Let us examine the effect of the last-mentioned interactions on the passage of electron neutrinos through the sun. We follow the notation of Barger et al [14] to write this new interaction as
for all quarks q. Note that the τ neutrino and the τ antineutrino are known from τ -decay properties to be lefthanded and righthanded respectively. Therefore, all possible four-fermion interactions involving them and quarks can be brought into the form (12) by Fierz transformations. Only the vector coupling G q τ τ V contributes to the potential relevant to forward scattering while its contributions for the neutrino and antineutrino cases are equal in magnitude but opposite in sign. Since we assume the new interactions only to be in the ν τ -q sector, our definition ǫ
matches with that of Ref. [14] . Note that we do not require any flavor-changing interactions which would have been necessary to obtain oscillations if δm 2 = 0. Now the oscillation responsible for the depletion of the solar ν e flux is between the flavor combinations ν e and −sν µ + cν τ . Furthermore, from (10b), the operative mixing angle in vacuum is seen to be θ 0 . Changing the flavor basis to ν e , ν α = −sν µ + cν τ , ν β = cν µ + sν τ , one can see that, on account of the gross inequality m 2 3 ≫ m 2 2 , ν β effectively decouples from this process. Then the relevant evolution equation can be written, after rotating away a common phase, as [14] 
In (14) ,
and N e,u,d is the number of (electrons, u-quarks, d-quarks) per unit solar volume. The signs in the RHS are opposite to those in Ref. [14] because of the inverted hierarchy chosen by us in (8). Furthermore, the coefficient c 2 ≡ cos 2 θ of the ǫ ′ q N q term in the second diagonal matrix element originates from the 3 × 3 → 2 × 2 flavor matrix reduction.
We now assume as a first approximation that the number densities for solar protons, neutrons and electrons are the same, i.e. N q ≃ 6N e . It then follows from (14) that the effective mixing angle for ν e ↔ ν α oscillations in solar matter is given by tan 2θ
and the MSW resonance condition [12] is 
The requirement of MSW resonance matching from the postulated new diagonal interaction of ν τ is consequently given by the choice
Provided that (18) is satisfied, the depletion of solar neutrinos can be satisfactorily explained in this scenario. Our seemingly arbitrary choice of δm 2 21 ∼ 10 −4 eV 2 is now seen as a reasonable value so that ǫ ′ q can be large enough to be relevant for the following discussion on the atmospheric neutrino data. The resonant flavor transition described above is depicted at point Y of Fig. 1 . Figure 1 : Three-flavor neutrino mass evolution in matter with the resonance at Y inside the sun and that at Z inside the earth for our Scenario B. Legend:
Atmospheric neutrino data
As in Scenario A, the atmospheric anomaly is generated here too by ν µ ↔ ν τ oscillations with δm 2 32 ∼ 0.25 eV 2 . The operative large mixing angle now, however, is θ -the oscillation wavelength in vacuum being again 10(E ν /GeV) km. For neutrinos coming downward, the discussion remains analogous to that in Scenario A, though for upward moving ones (traversing the earth) the new diagonal ν τ -quark interactions make a difference. Given the mass hierarchy m (14) we now have
For the earth we estimate an average N q ∼ 9 × 10 30 m −3 . Thus if one chooses to define the parameter X ≡ ǫ 
tan 2θ
The resonance conditions for neutrinos and antineutrinos are respectively cos 2θ = 0.091X,
cos 2θ = −0.091X (21b) and they are mutually exclusive. If the resonance condition for neutrinos is matched here as well as in (16), the overall three-flavor evolution of effective neutrino mass squared in a medium will look as shown in Fig. 1 with the point Z now showing the flavor transition inside the earth. The association of point Y with solar and of point Z with atmospheric neutrinos is dictated by the magnitudes of the corresponding "in vacuo" oscillation wavelengths. [15] Eqs. (20) make it clear that matter effects are contained entirely in the second term of the RHS denominator. The sign of this term changes from the neutrino to the antineutrino case because the external potential is equal and opposite in the two situations. For sub-GeV neutrinos, this term and hence matter effects will be insignificant and the depletion for these will be as in Scenario A. For multi-GeV neutrinos on the other hand, matter effects do enter the scene through the characteristic interaction length scale in terrestrial matter, namely
The latter is comparable to the earth's diameter and is much greater than λ. However, the wavelength λ E m of neutrino oscillations in terrestrial matter is given by [16] 
, where λ ∼ 10(E ν /GeV) km as in Scenario A. Thus for λ 0 ≫ λ, λ E m ∼ λ and is much smaller than the earth's diameter. With many neutrino oscillations taking place inside the earth, the distance-dependent cosine will get averaged out. Moreover, any variation in the density and composition of terrestrial matter will be small over the scale of λ E m . Assuming adiabaticity, the neutrino and antineutrino flavor survival probabilities are described well by the formulae [16] 
where cos 2θ E m and cos 2θ E m are computed from (20a) and (20b) respectively. Although the conditions for adiabaticity may not be satisfied, our purpose is served because any nonadiabaticity would only tend to diminish the effect.
Owing to the opposite signs of the matter contributions to neutrino and antineutrino oscillations, matter effects tend to get diluted when one considers the total depletion probability P m = 1 2 (P +P ) that is measured in the experiment. Suppose we make an optimal choice of s ≃ 0.55 which leads to a suppression probability P 0 = 0.58 for the downward travelling neutrinos. Then, even for an optimistically large value of 10 for X, we can lower P m at most to 0.53. The absolute lower bound here is in fact 0.5. We have thus reached an important conclusion regarding the atmospheric neutrino data assuming that the solar neutrino and LSND effects are correct. A substantial zenith-angle dependence, in particular, any survival probability (i.e. ratio of ratios) of magnitude less than 0.5 for the upward going neutrino + antineutrino spectrum, cannot be explained within the three neutrino flavors hypothesis -even assuming large anomalous diagonal ν τ -quark interactions. With just standard model interactions, no measurable zenith angular dependence in the survival probability is possible.
The scenarios, considered by us, will have the following consequences for the forthcoming experiments. Solar neutrino experiments will confirm the MSW solution, but the interpretation of δm 2 is subject to the ambiguity that it could be δm 2 (6c 2 ǫ ′ q − 1) instead. However, the anomalous ν τ -quark interaction will be observable at SNO, thereby resolving this ambiguity. Both ν µ → ν e and ν µ → ν τ conversion experiments will measure a δm 2 at around 0.25 eV 2 , but sin 2 2θ µ,e ∼ 0.036 while sin 2 2θ µ,τ ∼ 0.84. The former is outside the region being probed by reactor experiments (ν e disappearance) such as CHOOZ and Palo Verde (San Onofre); the latter is outside that being probed by short-baseline accelerator experiments (ν τ appearance) such as CHORUS and NOMAD. On the other hand, both regions are covered by all the proposed long-baseline experiments (either through ν µ disappearance, or ν e and ν τ appearances) such as MINOS, K2K (KEK-PS/Super-Kamiokanda) and CERN-SPS/ICARUS.
More immediately, the forthcoming data from Super-Kamiokande, Soudan 2 and MACRO on ν µ +ν µ events through the earth are predicted to have R > 0.5 and not to have a significant zenith-angle dependence. Reports are circulating [17] that Soudan 2 finds R = 0.67 ± 0.15 + 0.04 − 0.06 and that the Super-Kamiokande detector sees a more or less flat zenith-angular distribution, which would be in agreement with our predictions, but one needs to wait till definitive results emerge. On the other hand, if our predictions are decisively contradicted by the data, then either the solar or LSND interpretation has to be revised, or we will have to consider an extra (sterile) neutrino species. [6, 18] [7] A. Acker and S. Pakvasa, Phys. Lett. B397, 209 (1997), made a recent attempt in this direction by choosing the three light neutrino mass squared differences as δm 2 32 ∼ δm 2 32 ∼ (1 − 2) eV 2 and δm 2 21 ∼ 10 −2 eV 2 . They could canonically explain the atmospheric neutrino and the LSND data, though an extra parameter f B ≡ ( 8 B solar ν e flux)/(that predicted in the standard solar model) -in addition to the survival probability P ee of ν e after its passage through the sun -was needed to reproduce the solar neutrino deficit. Apart from questions that can be raised against their fits for the individual solar neutrino experiments, these authors' choice of a relatively large operative neutrino mass squared difference predicts an energy-independent solar ν e depletion. This is disfavored by the data: P.I. Krastev and S.T. Petcov, Phys. Lett. B395, 69 (1997).
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